Abstract: This paper considered newsboy-type products with a normally distributed demand, and defined a product's profitability as the probability of achieving the target profit under optimal ordering condition. In order to determine whether the product is already unworthy of being ordered (or manufactured) in a competitive market, we conducted a profitability evaluation which examines whether the profitability meets a designated requirement. As the parameters μ and σ are unknown, we introduced a new index (achievable capacity index; I A ) which has a simple form expression of the product's profitability, and found an unbiased and effective estimator of I A to estimate the actual I A . In addition, we utilised a statistical hypothesis testing methodology. The critical value of the test was calculated to determine the evaluation results. The sample size required for the designated power and confidence level was also investigated. An application example for a fresh food product was provided to illustrate the utilisation of the proposed approach.
Introduction
The traditional 'newsboy problem' focused on short shelf-life products such as daily newspapers, monthly or weekly magazines, seasonal products, or fresh foods. For such products, surplus stock cannot be sold in the next period and requires additional costs for disposal. If the ordering or manufacturing quantity is lower than actual demand, the seller will lose possible sales. Demand for such products is unknown, and always assumed to be a random variable with a known probability distribution. Therefore, the determination of the ordering/manufacturing quantity is critical in the newsboy problem. Several extensions to the newsboy problem have been proposed and discussed in the literature. Among those extensions have alternative objective functions such as minimising the expected cost (Nahmias, 1993) , maximising the expected profit (Khouja, 1995) , maximising the expected utility (Ismail and Louderback, 1979; Lau, 1997) , and maximising the probability of achieving a target profit (Ismail and Louderback, 1979; Shih, 1979; Lau, 1980; Sankarasubramanian and Kumaraswamy, 1983) . In fact, these maximum and minimum values can be adopted to measure the product's capacity. For instance, the maximum expected profit and maximum probability of achieving the target profit can be used as a measure of the product's profitability. Unfortunately, the existing literature examining inventory management is focused only on the optimal ordering or manufacturing quantity, and does not take into account the importance of these values. On the other hand, almost all of the literature on inventory model assumed that the demand is deterministic and constant. Unfortunately, in fact, the demand is always unknown. Ertogral (2011) considered the joint economic lot sizing problem (JELP) under stochastic demand. Several studies also considered that demand is a random variable and follows some common distribution such as uniform, exponential, normal and so on, in which the parameters of these distributions are assumed to be known. However, in reality, these parameters may be unknown. Therefore, the extent of applicability of such studies to managerial aspects of inventories depends on the estimation of demand parameters. Berk et al. (2007) recognised two general approaches for demand estimation: the Frequentist and the Bayesian. Kevork (2010) developed appropriate estimators for the optimal ordering quantity and the maximum expected profit when demand is normally distributed, and investigated their statistical properties for both small and large samples, analytically and through Monte-Carlo simulations. Furthermore, most of the research focused on a distribution-free newsboy problem, in which the form of the demand distribution is not known, and only the mean and variance are specified. Scarf (1958) pioneered a 'minimax' approach, which aims to minimise the maximum cost resulting from the worst possible demand distribution. This approach can derive a simple closed-form expression for the ordering quantity, which maximises expected profit. Extending this distribution-free newsboy problem, Moon and Choi's (1995) study included balking; Ouyang and Wu (1998) considered a variable lead time; Ouyang and Chang (2002) extended to consider a variable lead time with fuzzy lost sales; Alfares and Elmorra (2005) took the shortage cost into consideration; and Mostard et al. (2005) analysed resalable returns. In their study, the ordering quantities for normal, lognormal and uniform cases are derived, and they found that the distribution-free order rule performs well when the coefficient of variation (cv) is at most 0.5, but far from optimal when the cv is large.
Profitability evaluation problem
Inventory management encompasses the principles, concepts and techniques for deciding 1 how much to order 2 when to order 3 how and where to store the order.
At present, in many inventory control systems, new products are continually introduced. However, if a new product is recommended, the ordering quantity of an existing product will be curtailed due to the spatial restriction in the warehouse. An existing product may be substituted completely by a new product if the existing product does not have a good capacity. Therefore, product capacity evaluation is a practical problem occurring frequently in inventory control. Before exploring product capacity evaluation, one should select an appropriate criterion for measuring a product's capacity. To the best of our knowledge, criteria such as profitability, quality, reputation, fashion, and performance express a product's capacity, especially, the profitability is a common criterion. For example, Trubint et al. (2006) adopted profitability, quality of service and urban construction as the criteria for finding optimal retail outlet locations. Steers (1975) measured organisational effectiveness with profitability and market share. With regards to profitability evaluation, Pekka and Jukka (2002) investigated profitability evaluation for intelligent transport system (ITS) investments. Unfortunately, the profitability evaluation problem has not been explored in inventory management. In our paper, we focused on newsboy-type products, with a normally distributed demand. Our main purpose is to study the profitability evaluation problem, which deals with examining whether a product's profitability meets a designated requirement. Profitability is defined as the probability of achieving a target profit under an optimal ordering condition. In order to make the problem more relevant and applicable in practice, we assumed that the demand mean and demand standard deviation are unknown. We used a statistical hypothesis testing methodology to examine this evaluation problem. The remainder of the paper is organised as follows. In the next section, the notation and assumptions related to this study are presented. In Section 3, we examine the profitability measurement. In this section, by using the relationship between demand properties (µ and σ) and target demand, we attempt to develop a new index [achievable capacity index (ACI); I A ] which has a simple form expression of the product's profitability. We then explore the relationship between the profitability and the value of I A . In Section 4, we find an unbiased and effective estimator of I A to estimate the actual I A , and implement the profitability evaluation by using a statistical hypothesis testing methodology. The critical value of the test is calculated to determine the evaluation results. The sample size required for a designated power and confidence level is also investigated. In the last two sections, the profitability evaluation for a fresh food product is applied to illustrate the utilisation of our approach, and finally concluding remarks are provided.
Notation and assumptions
We consider a newsboy-type product with normally distributed demand. The surplus stock and unsatisfied demand must pay the disposal cost and opportunity cost, respectively. In addition, we define the profitability as the probability of achieving the target profit under an optimal ordering condition, in which the target profit is predetermined according to the product property and the sales experience. The main aim of this paper is to investigate the profitability evaluation problem which deals with examining whether the product's profitability meets designated requirement. The evaluation results can determine whether the existing product is already unworthy of being ordered (or manufactured) in the competitive market.
Notation
For convenience, the notations used in this study are as below: 
Assumptions
The following assumptions are used throughout this paper:
1 consider the newsboy-type product with normally distributed demand, N (µ, σ) 2 to make the problem more relevant, the parameters µ and σ are unknown, but satisfied that cv = µ/σ < 0.3 for neglecting the negative tail, i.e.,
4 in order to possibly achieve the target profit, the ordering quantity must be greater than or equal to target demand, i.e., Q T .
Profitability measurement

ACI I A
If the related parameters (p, c, c d , c s , and T ) and optimal ordering quantity are given, the level of profitability depends on the demand mean µ and the demand standard deviation σ. Therefore, we develop a new index to express the product's profitability, and so-called 'ACI'. It is defined as:
The numerator of I A provides the difference between demand mean and target demand. The denominator gives demand standard deviation. Obviously, it is desirable to have a I A as large as possible.
Profitability and I A
Based on Sankarasubramanian and Kumaraswamy (1983) , the profit function, Z, depends on the demand and ordering quantity, and is formulated as follows:
Note that if the surplus products can be salvaged, the value of c d is negative and redefine into salvage price. For any Q T , Z is strictly increasing in D ∈ [0, Q] and strictly decreasing in D ∈ [Q, ∞), and has a maximum at point D = Q. The maximum value of Z is larger than or equal to k, i.e.,
The target profit will be realised when D is equal to either LAL(Q) or U AL(Q), so the target profit will be achieved in D ∈ [LAL(Q), U AL(Q)], where
are the lower and upper achievable limits, respectively, and both are the functions of Q. Note that since Q ≥ T presented in the Section 2.2, assumption (4),
Than we can clear that U AL(Q) ≥ LAL(Q).
Under the assumption that the demand is normally distributed, the probability of achieving the target profit is:
where Φ(·) is the cumulative distribution function of the standard normal distribution.
Before calculating the profitability, we first find the optimal ordering quantity that maximises P r [Z k] . We take the first-order of P r[Z k] with respect to Q, and obtain
It is well known that the necessary condition for Q to be optimal must satisfy the
where
> 0 and A = c p + c e + c s . For Q T , the unique optimal ordering quantity can be obtained by solving Eq. (2), i.e.,
In addition, the sufficient condition is also calculated as follows:
We can conclude that the stationary point Q * is a global maximum. By using equation (2) and substituting equation (3) into equation (1), the profitability, P, can be obtained as follows:
It is easy to see that P is a function of I A . Taking the first-order derivative of P(I A ) with respect to I A , we obtain 
As a result, P(I
Estimation of I A
The historical data of the demand ought to be collected in order to estimate the actual I A due to unknown µ and σ. First, the natural estimatorÎ A is considered. If a sample of size n is given as {x 1 , x 2 , ..., x n }, the natural estimatorÎ A is obtained by replacing the µ and σ by their estimators
Furthermore, we rewrite the natural estimatorÎ A , and obtain
Therefore, the estimatorÎ A is distributed as n −1/2 t n−1 (θ), where t n−1 (θ) is a non-central t random variable with n − 1 degree of freedom and the non-centrality parameter 
Distribution of estimatorĨ
In addition, it is well known that the random variable (n − 1)s 2 /σ 2 follows the chi-squared distribution with n − 1 degree of freedom, we then have
. By using the technique of change-of-variable, the probability density function of V is derived as follows:
Because Y and V are independent continuous random variables, the probability density function of R can be obtained by the Jacobian approach, i.e., 
Hypothesis testing with I A and evaluation results
To judge whether the profitability meets the designated requirement, we ought to consider the hypothesis testing:
where C is the designated requirement. However, the statistical property of the estimator of P is difficult to describe. Even, it is impossible to define the unbiased estimator of P. From the last subsection, we have proven that I A can express the profitability. Therefore, we consider the following hypothesis testing:
where C is the designated requirement of I A . Based on the probability density function of R and a given level of Type I error α (i.e., the chance of incorrectly judging I A C as I A > C); the decision rule is to reject H 0 if the testing statistic R c 0 , where c 0 is the critical value that satisfies
Since the larger the I A value, the larger the critical value, we calculate the critical value c 0 with the condition I A = C, i.e., 
Required sample size
In the previous subsection, the procedure is to test whether the profitability meets the designated requirement for given α risk (Type I error). But, the β risk (Type II error: the probability of incorrectly judging H 1 as H 0 ) is not taken into account. Once the sample size and the α risk are defined, the power of test, 1 − β, can be calculated. The power of the test for C =1.0, 2.0 versus various values of I A , n = 30, 50, 100, 150, 200, and α = 0.05 is showed in Figure 3 . It is seen that the larger the sample size, the larger the power of test, and consequently, the smaller the β risk. The required sample size for designated α and β risks can be calculated by recursive search method with the following two probability equations:
Pr{R c 0 | H 0 : I A C, n} α, and
In Table 2 , we tabulate the sample sizes required for α = 0. 
Profitability evaluation for a fresh food
We consider a fresh food industry in Hsinchu, Taiwan, in which provides more than twenty different kinds of lunch boxes, breads, sandwiches for shopping malls and convenience stores. These fresh food products are prepared each day and have relatively short shelf-life (about one or two days). The overdue products can not be sold and need additional cost to dispose them. If the manufacturing quantity can not satisfy the order from the malls and stores, then the supplier must pay the lost sale opportunity cost. Therefore, these fresh food products exactly belong to the newsboy-type products. Now, a new lunch box is recommended, the manufacturing quantity of the existing lunch box which has the lowest profitability should be curtailed due to the capacity constraints (manpower or machines). Note that in order to maintain fresh, the lunch boxes are prepared in the morning and the life cycle is only 12 hours. However, the supplier would like to know whether the profitability of the existing lunch box is higher than some level. If the existing lunch box is incapable, it must be replaced with the new one. The selling price of the existing lunch box is $20 per unit, the manufacturing cost is $10 per unit, and the target profit is $200,000. In addition, the lost sale opportunity cost is $3 per unit. The surplus (overdue) lunch boxes can be manufactured into fertilisers, then the salvage price is $5 per unit. Table 3 displays the demand units in thousand for the existing lunch box with sample size n = 100. Due to the company's propertied restriction, the prices, costs, and sample data were modified. We first use the Kolmogorov-Smirnov test for the sample data from Table 3 to confirm if the data is normally distributed. A test result in p-value >0.05, which means that data is normally distributed. Histogram of the data is shown in Figure 4 . If the designated requirement of the I A value is C = 1.2, we implement the hypothesis testing: H 0 : I A 1.2 versus H 1 : I A > 1.2. For the data displayed in Table 3 , we calculate the sample mean, sample standard deviation, and sample estimator, and obtain that x = 23.593, s = 1.882 and R = 1.894. Based on Table 1 , the critical value is 1.427 as C = 1.2, n = 100 and α = 0.05. Since R = 1.894 > 1.427 = c 0 , we conclude that I A is more than 1.2 with 95% confidence level. Therefore, the supplier only curtails output of the the existing lunch box. Furthermore, we calculate the critical value for C = 1.4, 1.5, 1.6, 1.61, 1.62, 1.63 with n = 100. The decision of the hypotheses are shown in Table 4 . Based on the testing results, we can conclude that the profitability of the existing lunch box is higher than 1.62 with 95% confidence level. Assume that the expected I A is 1.6. We use a hypothesis testing with a designated power of 0.95, the sample size required to sample is 135 as in Table 2 . In this example, the sample size is less than 135, the power for testing H 0 : I A 1.2 versus H 1 : I A > 1.2 would be less than 0.95. In fact, the power of test for the expected I A = 1.6 is 0.8766, that is the β risk is up to 0.0734. In order to reduce the β risk, we would suggest the supplier to sample for a designated power with as large sample size as in Table 2 . 
Concluding remarks
In this paper, we investigated a profitability evaluation problem which examines whether the profitability meets a designated requirement. In addition, we developed a new index which has a simple form expression of profitability. The proposed index, which we refer to as the ACI (I A ), can reduce the difficulty of effective estimation when the parameters µ and σ are unknown. For example, the unbiased and effective estimatorĨ A is found effortlessly, and the distribution of estimatorĨ A can be derived. By advantageously using I A , we presented the hypothesis test to solve the evaluation problem, i.e., H 0 : I A C as against H 1 : I A > C, where C is the designated requirement of I A . Some tables are shown to practitioners or managers for deciding whether the existing product is already unworthy of being ordered/manufactured under the accepted risks (Type I and Type II errors). Finally, a real-world application of a fresh food product is presented to illustrate the practicality of the exact approach. The results of our study suggest three dimensions which could be addressed by future research. The first is to investigate the imprecise demand by combining the fuzzy set concepts. Second, of interest is the truncated normal distribution to relax the assumption of cv < 0.3. The last is to further explore the estimating and testing I A , based on multiple samples, using the demand data from subsamples.
